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"actoring polynomials over algebraic number fields.

[n [8] a polynomial-time algorithm was given to factorize polynomials in
one variable with rational coefficients. In this paper we generalize this
result to polynomials in one variable with coefficients in an algebraic
wumber field.

The existence of a polynomial-time algorithm for this problem is not
surprising in view of [8]. According to Trager [12] the problem is reducible
to the factorization of univariate polynomials with integral coefficients,
and in [6] it is shown that this reduction is polynomial-time. Here we
pursue a direct approach to the factorization of polynomials over algebraic
number fields. As suggested in [7: Section 5] we regard the irreducible
factor we are looking for as an element of a certain integral lattice, and
we prove that it is the 'smallest' element in this lattice. As we have seen
in [8] this enables us to effectively compute this factor by means of a
basis reduction algorithm for lattices.

Section 1 contains some notation and definitions; furthermore we
recall there some results from [8: Section 1]. Section 2 deals with the
connection between factors and lattices. It generalizes the first part of
[8: section 2]. In Section 3 we give a global description of the factoring
algorithm and we analyze its running time.

For a pclynomial £ we denote by 6f the degree of £, by 2c(f)

the leading coefficient of £, and f is said to be monic if Qc(f) = 1.




1. Preliminaries.

Let the algebraic number field @(a) be given as the field of rational
numbers @ extended by a root o of a prescribed monic irreducible poly-
nomial F e€z[T], i.e. @(a) = @[T]/(F). This implies that the elements
of @(a) can be represented as polynomials in o over @ of degree < §F.
We may assume that the degree of the minimal polynomial F is at least 2.

Similarly, we define Zlal = Z[T]/(F) as the ring of polynomials in
o over Z of degree < §F, where multiplication is done 'modulo F'.

Let f be a monic polynomial in @(a)[X]. 1In Section 3 we will de-

scribe how to choose a positive integer D such that
(1.1) f and all monic factors of £ in @(a)[X] are in %ﬂZ[a][X].

The algorithm to determine the irreducible factors of f in @(a)[X]
that we will present, is very similar to the algorithm for factorization
in Z[X] as described in [8]: first determine the factorization of £
over some finite field (:Z/pfz in [8]), next extend this factorization
to a factorization over a large enough ring (EZ/pkEZ in [8]), and finally
use a lattice reduction algorithm to determine the factors over @(a).
Therefore, we first describe how to choose this finite field and this ring.

Let p be a prime number such that
(1.2) p does not divide D,

- . i .
and let k be a positive integer. For G = Zi aiT € Z[T] and some inte-

yer £ we denote by G or (G mod pz) the polynomial Zi(aimod pl)Tl €

L
(:Z/pziz)[T]- In Section 3 we will see that we are able to determine p




ach a way that we can compute a polynomial H e Z[T] such that
) H is monic,

) Hk divides F in (zz/pkza)[T],

) H1 is irreducible in (Z/pZ)[T],

) (Hl)2 does not divide Fl in (z=/pz)[T].

bllows that H divides F

1 y in (Z/pz)[T], and that 0 < 8H < 6F.

This polynomial H, together with the prime number p and the inte-
k, gives us the possibility to construct the finite field and the
we were looking for. We denote by gq the prime-power pGH and by

the finite field containing g elements. From (1.5) we derive that

§H-1 i
* (z/p ZZ)[T]/(Hl) .  Remark that Fq = {Zi=0 ajo) ¢ a € Z/p Z}
2 a, = (T mod(Hl)) is a zero of Hl' This enables us to represent

2lements of Fq as polynomials in a, over Z/pZ of degree < SH.

finite field Fq corresponds to Z/pZ in [8]; we now define the
which will play the role of ZZ/kaZ in [8]. Let Wk(]Fq) =
_akZZ)[T]/(Hk) be a ring containing qk elements. We have that wk(ZIFq)
SH-1 i

k .
0 3% P a; € Z/p 7} where o, = (T mod(H )) is a zero of H, -

lements of Wk(qu) can be represented as polynomials in @, ~over
‘m of degree < §H, and Wk(]E‘q) can be mapped onto Fq by reduc-
the coefficients of these polynomials modulo p. For a ¢ Wk(;Fq ) [x]
anote by (a mod p) € Fq [x] the result of applying this mapping
ficient-wise to a. Remark that Wl(]E‘q) = ]Fq .

1
We now show how we map polynomials in BZZ[OL][X] to polynomials in

k] and Wk(Fq )J[X] respectively. Clearly, the canonical mapping from




zZLT]l/(F) to (Z/pz Z)[TJ/(HZ) defines a mapping from Zlal to W

2(Fq),
for 2 = 1,k. (Informally, this mapping works by reducing the polynomial
in o modulo pz and Hz(a).) For a € Zlal we denote by (a mod(pQ,Hz))
as s
W (Fq) the result of this mapping. Finally, for g = Zi E%—Xl €

2
%ﬁz[a][x] we denote by (g mod(pz,Hz)) the polynomial

1

(((D "mod pg)ai)mod(pz,Hl))Xl € Wg(Fq)[X]' Notice that D_lmod pz ex—

I
1

ists due to (1.2).

(1.7) We conclude this section with some results from [8: Section 1]. Let

1 be a positive integer, and let b

1 2,...,bn € I{n be linearly indepen-

lent. The lattice L c Hin of rank n spanned by bl’b2""’bn is defined

is

L=3, ,ZDb, ={I, rb, : r. ez (1 <i <n)}.
i=1 i i=1 i i i

Ve assume that the nxn matrix having bl’b2""’bn as columns is upper-

:riangular, i.e. the (j+1)-th up to the n-th coordinate of bj is zero,

lor 1 < 3j <n. This implies that we can regard the lattice Lj of rank

j spanned by bl'b2""’bj as a lattice contained in Hij, for 1 £ 3j < n;

iotice that L

1
Ln' Furthermore we assume that bl’ 2,...,bn € (B
so that L, c (—1-ZZ)j
] D )

2

Let B € Z_, be chosen in such a way that ]Dbil <B for 1< 1i<n,

2

there || denotes the ordinary Euclidean length.
In [8: (1.15)] a basis reduction algorithm is given that transforms a

vasis b,,b_,...,b, of a lattice L., into a reduced basis b,6,b.,...,DB.
1772 3j 3j 1772 i

‘or Lj. We won't recall the definition of a reduced basis here [8: (1.4),

'1.5)1, it suffices to say that the first vector 51 in such a reduced

)asis satisfies




2 j-1 2
B, |7 < 2 Ix. |
1 j

very xj € Lj’ xj #z 0 [8: (1.11)]. The number of arithmetic operations
1 by the basis reduction algorithm is O(j4log B), and the integers

ich these operations are performed each have binary length O(j log B)
1.26) 1.

lhe first time that the vector bj is considered during the computation
reduced basis for Lj’ is at the moment that a reduced basis for Lj—l
tained already; i.e. the computation of a reduced basis for Lj—l con-

tes the first part of the computation of a reduced basis for Lj [8:
)]

It follows that we can find an approximation of the shortest vector in
2 O(n4log B) operations on integers having binary length 0O(n log B),
s a byproduct of the computation we get approximations of the shortest
rs in the lattices Lj without any time loss. If the approximation

2 shortest vector in Lj, for some Jj, satisfies our needs already,
we break off the computation as soon as we have found this approxima-
and the computation then takes O(j4log B) operations on integers

g binary length 0O(j log B).

ctors and lattices.

section is similar to the first part of [8: Section 2]. We formulate
eneralizations of [8: (2.5),(2.6),(2.7),(2.13)] to polynomials over
raic number fields. Let £, D, p, k, F, and H be as in Section 1.
t n = d8f; we may assume that n > 0.

Suppose that we are given a polynomial h € Z[allX] ' such that




(2.1) h is monic,

k .. k .
(2.2) (h mod (p ,Hk)) divides (f mod(p ,Hk)) in Wk(Fq)[X],
(2.3) (h mod(p,Hl)) is irreducible in ]Fq [x],
(2.4) (h mOd(p,Hl))2 does not divide (f mOd(p,Hl)) in EkI[X].

Jle put 2 =8h; so 0 < 2 < n. 1In Section 3 we will see which extra con-
litions have to be imposed on p so that such a polynomial h can be de-

cermined.

(2.5) Proposition. The polynomial f has a unique monic irreducible factor

I in %Z[a][X] for which (h mod(p,Hl)) divides (homod(p,Hl)) in

1
Fq [(X]. Further, if a monic polynomial g € BZ[OL][X] divides f in

3(a)[X], then the following assertions are equivalent:

(i) (h mod(p,Hl)) divides (g mod (p,Hl)) in ]E‘q [x1],

k . k .

'ii) (h mod (p ,Hk)) divides (g mod (p ,Hk)) in Wk(]Fq)[X],
(iidi) _ ho divides g in  Q(o) [x].

'n particular (h mod (pk,H )) divides (h_mod (pk,H )) in w (F_)I[x].
X 0 K k' Tq
>roof. Use (1.1) and the proof of [8: (2.5)]. [

(2.6) In the remainder of this section we fix an integer m with m > Q.

1
le define L to be the collection of polynomials g € BZ[OL][X] such that:

(1) dg < m,

ii) if 8g = m, then Q2c(g) €2z,

Cras k o k .

iidi) (h mod (p ,H_)) divides (g mod(p (H ) in Wk(JFq)[X].

. m-1 _SF-1 j i m
i h . i = + X h
le identify such a polynomial g Zi=0 Zj=0 aija X ao (where aij

& . . . :
'D) with the (mdF+1)-dimensional wvector (aOO'a01""'aO SF-1" alO""’




SF—l’amO)' Using this identification between vectors and polynomials,
e . . . méF+1
not difficult to see that L is a lattice in R ; from the
that both H and h are monic ((1.3) and (2.1)) it follows that a

for L is given by

{%pkajxl:OSj<6H, 0<ic< &} u

{%—aJ_GHH(a)Xl : SH<j<6F, 0<i<2a} u
{%—ajhxl’z : 0<j<d6F, L <i<m} v
x4y

'e that the matrix having these vectors as columns is upper-triangular.

We define the length |g| of g as the ordinary Euclidean length of
m-1 _6F-1 2

la, . |7 + |

. . £1ifi it _ 2,

ector identified with g, so |gl (% o Zj=0 a5 Iam0 )

leight g of g is defined as max{la..|}. Similarly we define
max ij

ength and the height of polynomials in Z[T].

'Proposition. Let b € L satisfy

m
pRHSH/SE <Df ((n+1) 6F (1+F )SF'l)%) .
max max

n
(Db ((m+1) 6F (14F )GF'l)%j i
max max

/

in Q@(a)[X], where h. 1is as in (2.5).

b is divisible by h 0

0
irticular gcd(f,b) # 1.

sroof of this proposition is very similar to the proof of [8: (2.7)1;

ierefore omit the details




’roof. Put g = gcd(f,b), and e = §g. We may assume that g is monic.

dentify the polynomials

(2.9) {adx F : 0

IA
IA

j<8F, 0<1ic< éb-e} U

{aJle : 0

IA

j<é6&Fr, O

IA

i < n-e}

7ith  (SF (n+6b-e))-dimensional vectors. The projections of these vectors

1 e 1 e 1 §F-1_e 1 e+l 1 §F-1 n+6b-e-1
~ZX + = X+ ...+ = + = + ...+ =

m DZ DZOL DZOL X DZX +DZOL X

‘orm a basis for a (SF (n+8b-2e))-dimensional lattice M'. Using induction

m j one proves that

J

(aIxt ) = (a7f) < £ (1+F )7,
max max max max

so that, for 0 < j < dF and 0 < i < 8b-e,

lajxifl < f Y (n+1) §F (1+F )j.
max max

lith Hadamard's inequality, and a similar bound on ]ajxlbl we get

o sF-1 5\™
amn /O < (f ((n+1) 6F (147 ) °F 1)2> .
max max
n
-1 L
(b ((m+1) 6F (147 ) °F 1)2) ,
max max
here d(M') denotes the determinant of M'. With (2.8) this gives
kaGH
2.10) am') < “(n+m) 6F °
D
.ssume that (h mod(p,Hl)) does not divide (g mod(p,Hl)) in EEI[X]'

ly Proposition (2.5) it is sufficient to derive a contradiction from this.
et v e %ﬂZ[u][X] be some integral linear combination of the polynomials
n (2.9) such that &v < e+f. As in the proof of [8: (2.7)] it follows

k
‘rom our assumption that (v mod(p ,Hk)) =0 in Wk(In;)[X]' Therefore,




regard Qfc(v) as a polynomial in a, we have

) 2c(2c(v)) = 0 modulo pk if &82c(v) < 6H.
N i 4 re e yoee
ow choose a basis beo bel ’beéF—l'be+1 0 'bn+6b-e—16F—1 for M
that Sbij =i and Gﬁc(bij) =79 for e < i < n+Sb-e and 0 < j < dF,
lc(bij) is regarded as a polynomial in o. From (2.11) we derive
Zc(Qc(bij)) = 0 modulo pk for 0 < j<6H and e < i < et+l.
/4 .
2c(fc(b,.)) € —, we obtain
ij D
k
e (ge by )12 B for 0<j<oH and e si <es
]Qc(zc(bij))lz %— for 8H £ j < 8F or e+l £ i < n+db-e.

leterminant of M' equals the product of |lc(2c(bij))|, so that

k28H k28H
> P > P
- D(n+6b—2e)6F - D(n+m)<SF

am?")
ned with (2.10) this is the desired contradiction. [J

') To be able to formulate the generalization of [8: (2.13)] we need

jper bound on the length of monic factors of f in %ﬂzfu][x]. In

.on 4 (4.8) we prove that a monic factor of degree < m has length

st

L
£ (2(n+1)6F3(6F—1)6F_1(2m)> |F[2(6F_1)]discr(F)|_%,
max m

y discr(F) denotes the discriminant of F (so discr(F) # 0, since

; an irreducible polynomial in z[T]).




is a reduced basis for

2.13) Proposition. Suppose that 51'52""'5m6F+1

. (see (1.7)), and that

n , 2m n_._4n+m
F

(n+1)n+m(m+1) (m) 5 n (8F-1)

2. 14) kaLGH/(SF S <2n (mSF+1)

(SF-1)
1

s
)(n+m)(6F 1)|discr(F)|_n> '(Dfma )n+m'F12n(6F—1)‘

(1+F
m X

ax
hen we have Gho <m if and only if (2.8) is satisfied with b replaced
y 51.

roof. Use (2.12), (1.8), and the proof of [8: (2.13)]. [

. Description of the algorithm.

et f be a polynomial in @(a)[X] of degree n, with n > 0. We describe
n algorithm to compute the irreducible factors of £ in @(a)[X].

For the moment we assume that £ is monic. If D, p, H, and h are
hosen in such a way that the conditions in Sections 1 and 2 are satisfied,
hen we can determine the factor ho of f by means of Propositions (2.7)
nd (2.13); this is described in more detail in Algorithm (3.1). After that,

e explain in (3.4) how we choose D, p, H, and h, and we analyze the

unning time of the resulting factorization algorithm.

3.1) Suppose that a positive integer D, a prime number p, and polyno-
ials H € z[T] and h e zZ[al[X] are given such that (1.1), (1.2), (1.3),
1.5), (1.e), (2.1), (2.3), and (2.4), and (1.4) and (2.2) with k replaced

y 1, are satisfied. We describe an algorithm that determines h the

OI

onic irreducible factor of f for which (h mod(p,Hl)) divides (homod

?,Hl)), cf. (2.5).
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! = 6h; we may assume that £ < n. We calculate the least positive

2r k for which (2.14) holds with m replaced by n-1:

PkRGH/dF S <2n((n~1)6F+1)(n+1)2n—1 rln(2r(11;1-1-1))n6F5n—1(GF_l)n(GF—l)
(2n-1) (8F-1) -n 5 2n-1 2n (8F-
(14F ) |discr (F) | > «(Df ) 17|
max max

ve modify H in such a way that (1.4) holds for the value of k just

k
Lated. The factor Hk = (H mod pk) of (Fmod p) gives us the possi-

7/ to compute in Wk(Fq). Therefore we now modify h, without changing
i(p,Hl)) in such a way that (2.2) holds for the above value of k.
smputations of the new H and h can both be done by means of Hensel's
[5: exercise 4.6.22; 14; 13]; notice that Hensel's lemma can be applied
se of (1.6) and (2.4).

Jow apply the basis reduction algorithm [8: (1.15)] to the (mSF+1)-
sional lattice L as defined in (2.6), for each of the values m = %,
..,n-1 1in succession; but we stop as soon as for one of these values

- we find a basis 51,5 for L such that (2.8) is satis-

2""'5m6F+1

vith b replaced by Bl' If such a basis is found for a certain value

E m, then we know from (2.13) that 6h0 < mo. Since we try the values

y2+1,...,n-1 in succession we also know from (2.13) that Sho >m.-1,

0

By (2.7) the polynomial ho divides Bl in @(a)[X] which

that 651

'10 = mO.

I

3s, together with 651 <m

0’ m From (2.6) (ii) and from

0-
act that hO is monic we find that 51 = cho, for some constant ¢

Using that h0 € L and that 51 belongs to a basis for L, we con-

that ¢ = +1, so that 51 = iho.

If on the other hand we did not find such a basis for L, then we know

(2.13) that Gho > n-1. This implies that hO = f£. This finishes the




lescription of Algorithm (3.1).

.3.3) Proposition. Denote by m0 = 6h0 the degree of the irreducible factor
' of f that is found by Algorithm (3.1). Then the number of arithmetic
, , , 5. 6 4. 6
yperations needed by Algorithm (3.1) is O(mo(n SF~ + n 6F log(SF|F|) +
4.5 3..4 , . ,
L SF log(Dfmax) + n"6F log p)) and the integers on which these operations

2
ire performed each have binary length O(n36F3 + n 6F3log(6FlF|) +

2.2
" SF log(DfmaX) + ndéF log p).

'roof. Let m, be the largest value of m for which the basis reduction
llgorithm is performed, so m1 = mO or m1 = mO—l. From (1.7) it follows
hat during the computation of the reduced basis for the (m16F+1)—dimen—
iional lattice, also reduced bases were obtained for the (méF+1)-dimension-
1 lattices, for ¢ < m < m, - Therefore the number of arithmetic operations
.eeded for the applications of the basis reduction algorithm is

’((mléF)4log B), and the integers on which these operations are performed
:ach have binary length O(m16F‘log B), where B bounds the length of the
ectors in the initial basis for L (cf. (2.6)). Assuming that the coeffi-

ients of the initial basis are reduced modulo pk, we derive from (3.2),

discr(F)! =21, 8H =2 1, and & > 1 that

log B = O(n26F2 + nGFZlog(GF]F|) + ndF log(Dfmax) + log p).

‘ombined with my = O(mo) this yields the estimates given in (3.3).

It is straightforward to verify that the same estimates are valid for

oth applications of Hensel's lemma and for the computation of discr (F).
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We now describe how to choose D, p, H, and h  in such a way that

.thm (3.1) can be applied. The algorithm to factor £ into its monic

icible factors in @(o)[X] then easily follows.

"irst we choose a positive integer D such that (1.1) holds, i.e. £

L1 monic factors of £ in @(a)[X] are in %ﬂE[u][X]. From [14] it

vs that we can take D = dc, where d is such that f € %ﬂZ[a][X],

> 1is the largest integer such that c2 divides discr(F). This

2r ¢ however might be difficult to compute; therefore we take

|discr(F)| as denominator, which clearly also suffices.

Ve may assume that the resultant R(f,f') € @(a) of £ and its deriv-
f' 1is unequal to zero, i.e. £ has no multiple factors in @(a)[Xx].

>ly the algorithm from [10] to determine p as the smallest prime

c not dividing D-ediscr(F)-R(f,f'); so (1.2) is satisfied.

Jsing Berlekamp's algorithm [5: Section 4.6.2] we compute the irreduc-

t

fFactorization (F mod p) = II,

i=1 (Gimod p) of (Fmod p) in (Z/p2z)[T

Factorization does not contain multiple factors because discr(F) Z O
> p. Combined with R(f,f') Z O modulo p this implies that there

an integer io e {1,2,...,t} such that

vl

(R(f,f')mod(p.(GiOmod p))) # 0;

i be such a polynomial Gio. We may assume that H is monic, so that
, (1.5), (1.6), and (1.4) with k replaced by 1 are satisfied.

Vext we determine the irreducible factorization of (£ mod(p,Hl)) in

] by means of Berlekamp's algorithm [2: Section 5], where q = pGH
qu = (%Z/p%Z)[T]/(H mod p). (Notice that we use a modified version

rlekamp's algorithm here, one that is polynomial-time in p and &H

r than polynomial-time in the number of elements of the finite field.)




f is monic the resultant R(f,f') is, up to sign, equal to the
.minant of £, so that it follows from the construction of H that
.scriminant of £ is unequal to zero in Fq. Therefore (2.4) holds
l1 irreducible factors (h mod(p,Hl)) of (f mod(p,Hl)) in Fq:[X];
7 assume that these factors are monic.

The algorithm to factorize £ now follows by repeated application

jorithm (3.1).

Proposition. The algorithm sketched above computes the irreducible
, . , . 1

rization of any monic polynomial £ € a&z[u][X] of degree n > 0.

mmber of arithmetic operations needed by the algorithm is

5
0 + n 6F6log(6F|F|) + n56FSlog(dfmax)), and the integers on which

operations are performed each have binary length O(n36F3 +

2.2
log (SF|F|) + n"6F log(dfmax)).

It follows from [3] that the calculations of R(f,f') and discr(F)

y the above estimates. From Hadamard's inequality we obtain

ldiscr (F)| < GFSFIFlzaF_l;

Llows that
log D = O(log d + &F log(SFIF])).

A\ be a matrix having entries A,. = ZSF_l a. . T2 ezlT], for
ij 2=0 ije

yj £ m, and some positive integer m. The determinant d(A) of A
>olynomial of degree < m(8F-1) in Z[T]. According to [4] the length,
r1erefore the height, of d(a) 1is bounded from above by

5

m m SF-1 2
<nj:1 Zi1 oo ]aijz’) ) .
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this bound it is easily proven that the height of d(A) modulo F is

ed by

5
2\ (m-1) (§F-1)
1jsz,| ) ) (1+Fmax) .

1llows that

(R(E,£)) < (/mrlere )" ' (/abrng )P (1ap ) (2072 (OF-D)
max max max max

R(f,f') is regarded as a polynomial in a. We find from the defi-

ms of D and p that

< ° 1 ° []
Hq prime, q < p q € dediscr(F)- (R(4Af,df ))max

‘his yields in a similar way as in [8] that
p = O(log d + néF log(SF|F|) + nlog n + nlog(dfmax)).

implies that the computation of the prime number p, and the computa-
of the factorizations of (F mod p) in (Z/pZ)[T] and (£ mod(p,Hl))
Fq[x] satisfy the estimates in (3.5). Proposition (3.5) now easily

>ws from the bounds on log D and p, and from the observation that
1ic factor g of f in @(a)[X] satisfies log(gmaxl = O(SF log(SF|F]]

F log(f __)) (see (4.7)). [
max

) We now drop the assumption that £ 1is monic, so let £ be a polyno-

of degree n > 0 in Z[al[X]. We show that there exists a monic poly-

~ _1 ~
al £ = 2c(f) f ¢ éﬂz[a][xj, such that log(dfmax) = O(SF log(SF|F|) +
>g (£ )), for some non-zero integer d.

max

SF— .
Denote by C(a) = Ziﬁol Cial € Z[o]l the leading coefficient of f£.

resultant R(C,F) eZ of C and F 1is defined as the determinant of




>llowing matrix:

fco 0 . . .0 Fg 0 . .0
. . e . . . 0
. .0 . F
0
C o . .
R 0 Fom .
. e . . 0.
. . .0 . .
0 Cop-1 © 0 Fisp)
SF SF-1
SF i . .
F(T) = Zi=0 FiT . We add, for 2 < i < 26F-1, the i-th row
Tl_1 to the first row, so that the first row of the matrix becomes

§F-1 TGF—Z

, TC(T),..., T c(t), F(T), TF(T),..., F(T)). Expanding the

ninant of the resulting matrix with respect to the first row gives

SF-1 SF-2
+...+R T+RO) + F(T) (SSF— T +...+S T+SO)

R(C,F) = C(T)* (R, ,T . , 1

Ri' Sj €Z for 0 <1i<d8F and 0 < j < 8F-1.
Che values Ri and Sj are determinants of (28F-2)x(28F-2) subma-
3 of the above matrix, and therefore, using Hadamard's inequality,

and ISj| are both bounded from above by
srlrle ) °F.
max

7aluation of these determinants can be done by means of the methods

tbed in [1]. Putting R(T) = Ziﬁal RiTl and 4 = R(C,F) we find
R(a) 1

C(T)R(T) = d mod F(T), so that € aﬂZ[a] is the inverse of

Now use Hadamard's inequality to derive an upper bound for d, and

= R(a)

1d that the monic polynomial f = 3 f e éﬂZ[a][X] satisfies the

ites given above.
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Theorem. Let f be a polynomial of degree n > 0 in Z[allX]. The
ucible factorization of £ in Q(a)[X] can be computed in
[9) 5 . , , ,
(n” + n"log(SF|F]) + nSlog(fmax))) arithmetic operations on integers

g binary length O(6F3(n3 + nzlog(éFlFl) + nzlog(fmax))).

. The proof follows from (3.6) and (3.5). (]

efficient bound for factors.

e the method sketched in [14] to derive an explicit upper bound for
eight and the length of a monic divisor of a monic polynomial in
x].

For polynomials in @(o)[X] the height and the length are defined

(2.6); for a polynomial g = Zi cixl e €¢[x], where & denotes
'omplex numbers, the length |g| is defined as (Zi]cilz)%.

Let al,a denote the conjugates of o, 1i.e.

27 1%F Gprlpre--rfsp
are the roots of the minimal polynomial F. For an element B =

SF-1 b i

bial € @(a) the conjugates of B are defined as Zi=0 iaj for
< §F. We define {|Bll € R as the largest absolute value of any
e conjugates of B; so |lall is the largest absolute value of any

e roots of F.

For any choice of o € {al,az,...,a } a polynomial g e @(a)[X] can

S§F
:garded as a polynomial Zigo cjixl e C[x]; we define Jlg]l as

8g i
<3 < op UZig o3s¥ 1
Now let f € @(a)(X] be a monic polynomial of degree n, and let

R}

=0 gin € 0(a)[X] be a monic factor of degree m of £. Since

f and g are monic, we obtain from [9] that




gl < DUIEN, for 0<i<m.

(4.1) we will derive bounds on the height and the length of g.

et S = (s..)§F71 be the 6FX6F matrix with s,. = a% . Since
ij*i,3j=0 ij j+1

a Vandermonde matrix and because the roots of F are distinct, it

#s that S is invertible, and that the absolute value of the deter-

t of S equals ldiscr(F)|%. We denote by T = (tij)ngio the
-1 SF-1 . . .
k S , and by |T| = max{2i=0 1tij] : 0 <j < 8F} (this is the L_-

for matrices).

. _ JOF-1 k .
et rj € € be the conjugates of gi_-zk=0 g € ©(a), for 1 <
*, then we have
(93079517193 gp-1) "8 = (FyrTprec-iTep)y

rerefore

) = (rl,rz,...,r )T

(9507951795 sp-1 SF

0 <i<m. From (4.1) we have that
le.l < CONEN for 1 <3 < 6F
3 i
his gives, combined with (4.2),
m
< .
Igik] < (i)lT] £l for 1 <k <8 and 0 < i < m.

implies that

Tpax < (us2) 1T WED,
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5
ol = @l 5Tt 20" s (s ) 1a ey

%
(s ) 11 e,

nlains to give upper bounds for |T| and |I£f]l.

'he entries of T are determinants of (8F-1)x(8F-1) submatrices of

.vided by Idiscr(F)l%. Using Hadamard's inequality we get the upper

nSF -l (8P
j=1 i=1 j

1e determinant of such a (6F-1)x(8F-1) submatrix of S. This easily

3 the bound
5 L SF-1
Hld.l Sl(6F—1) Hla.l S 1(6F-1) Iajl
J J
_ _4y (8F-1)/2 SF-1
= (8F-1) (Hlajl > 1oy

F is monic we know from [9: Theorem 2] that H]a | > 1]ujl < |Fl,
J

it we arrive at the bound

(GF—l)(6F_1)/2|F]6F_1|discr(F)I_%

1e absolute values of the entries of T. It follows that

IT| < GF(GF—l)(SF_I)/ZIF]GF_lldiscr(F)]_%. ,

v straightforward computation yields the bound

ax (0 2 6F—1] ]Zk)%
m 1 <3 < 6F i=0 "max k=0 %5

IA

£l

SF-1 2k %
< /n+1(2k=0 Nall®™ fmax’
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There are several easily calculated upper bounds for la]], for instance

ol

IA

1 + F oo and Jlall < |IF|l (cf. [11]). For simplicity we take

lall < |F|, so that we obtain
_ L 28F_\%
(4.6) Nel < vt e 2% - B2
k=0 max \ ]F]2—1 max
28F\ %
< /n+1(i£j———) £ = Vn+1/31F]6F_1f .
%|F|2' max max

Combining (4.3), (4.4), (4.5), and (4.6) we finally get

5

 SF-1 2(8F-1) m . -
(4.7) Ipax < fmax(z(n+1)(6F—1) ) |F] SF(m/z)ldlscr(F)l
and

3 SF-1 2m z 2(8r-1) -
(4.8) lgl < £ (2(n+1)6F (SF-1) ( )) |F| |discr(F)| °.
max m
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